
Power Series vs analytic

A power series around aed is an infinite serieshitIniz
of the form

11am

In an z a always converges for 7 a

Ex 11 n 2 converges only for 7 0

E n't a

2 et E it converges for every z

847 Z k

cost 1

3 log 7 7

convergs for 171 1

Recall

Theorem For the power series

E an a a

define Re 0,0 by

R In land
hmm

a man a man am age
and uniformly for 1721 Eg CR

b If It at R the terms are not bold

e If r e OIR then the series converges
uniformly

DrCal tf iz a cr



R is calledthe radius of emvergence

Proof exercise use the root test

have the radius of conv r then the power seriesEE.in i iii ii
discrete convolution

Exercise Idea of the proof

Assume the roar where ro is fixed Then

lent let t Eco tant ro Ibn ro

ANALYTIC FUNCTIONS

Let doper A fa f N 4 is complex differentiable

at ten if

f z big
f 7th FCH

exists the value F al is called the complex derivative

of f at 2

We say
w limo f 1h7

If Fezo 7070 sit

1h1 CT 470 IN fall ce

Let d be open in d

Def A fin fin is analytic in A

if it is differentiable in a cittapafeEE.my



Remark We don't assume the untimity of f
We will prove that t is cont and in fact onalstil

If A A 0 is not me open

thenwe say that f is analstil on A if
it is a restriction of an analytic for defined

on some open set or A

A typical example A 23

If is analytic at to if it is analytic in somegennbbd

of 203

Without rigorously stating
exercise

sums differences produits of analyte for's one analytic

Done for the quotient at the set where the denominator

is nonrew

Composition I always nonempty open

Proposition Assume that fig one onantic in N G
resp assume full G then got is analybe

m d and goft t g f1711 f z



Lecture't

MonJan12
We would like to in

2 3pm
g f z

f 7ᵗʰ gof t f ath f z
x

f ath flat h
Proof let ted It is sufficient to prove that every sequence

h 0 linto there wists a subequeneha sit

th g f than g f t g flat f a I

Cased f t flz that for all except finitely many ha
Then we can use A

ssingfha Flt flatha for so many n

subtly we may assume that this holds for all n
Mm

y fitthal y f t
n

hn
Md

y flat f et D
So holds to this sequent
In the proof we usedthat f is continuous at t which

follows frm differentiability

Deg A function f analytic in is called eating

Examples of analytic entire functions



Ex 1 zh nz exercise

1 polynomials are entire

2 et extiyde e any tising
where z xtiy x yeld

Sime et't etietz yt Ed we only have to check

limo I 1

Exercise Prove this this is a complex limit

Important alternative be the Cauchy Riemann equation

3 sin a
e é and as a e'tte one entire

et is periodic w period 2Ti III smallest perial

e coat ish CT 1

sht cost perial w period 21T

To discuss roots and loyt we need an inverse

function therren Complex IFT

Theorem 1,4 open subsets of Assume that

fire is cut at t and let g G C be set

f d EG g f z z feed If g Dhypygynggy
ago

g
pyggy p



Proof let bito be small Then

1 g f ath g f z
h

g f 2Hill g f t f ath f t

f7th f x h

Wole that fatal FG 0 sime f is 1 1 zth
Fleth f t

Sime

pm f17th f t 0
hso

continuity of f at t

him 3 f It g fan o

So his
7ᵗʰ
a
f exists and equals glife

logarithm

Problem et is not bijective moreover it is periodic
Thus it doesnot have a uniquely defined inverse

Def let f N where 1pm

be cut and such that
2 up f z ten

then f is called a branchneganthm



8m
eat hi et t e

we have If f g are two branchesof the bog
on open then

f t y t 2Thi
where ke 2 it fixed

Conversely if f on or is a branch of bog then

so is f z 27kt where ke 2
This says Fixing it basically fixes the brands uptomultiples

of 21TNote Different R's give different logs

mentor

Win
leadto different boy's

n



Many times we'll use the following branch of the boy

called the

pmmonhftelogarithm.lt
r C 0,0

then represent ten as
ITCACIT

2 121 eit polar representation

where ITC Q CIT Note A is a continuous for

of ZEC Then let

f reit logr tio r 70 TCA CT

this is called the principal broach Indeed

ef reit elyr it reit

up f t t

Principal branch

loy by r it

where 0 argt
Important remark To define the log we needto define arg t fuzed



Leiture 3
Prop let f be a bonds of the boy in 1 Ned Sault2pm

Then F D analytic in U and F 7

Follows from the complex IFT

For any fixed a e i
Powers

za up a lot

Important We cannot define leg as a single valued for

in 1903
Hint arga would have to be cut

Fact A fat of xy can be considered a for g

of t E by writing x tE y 2
Such fr is analsti in some roper iff 912,77 0

exercise director using CR

O equation f analytic of 0



CAUCHY RIEMANN EQUATIONS

Assume that

f E lying
f 7th nfla

exists Let u Ref V 11mF standard notation f utiv

Also st not z xtiy

Consider h 0 along the real values Then

flathiffa qq.no
th u'm

tipsyn
high rem

Also.net

xx i x

UxxD I rxN
Ux Ux exist at z and

f Mx t ivx

Now consider hso along ik Changing h to its

f'ftp.hyinafcttihn
fG

hip
th m

tiQhpnavexthg.VE

ycytit.tt
fl Vy lay



comparing the two formalos we obtain the Guemannness
Ux Vy
Uy Vx

CR
how about if we rela
this assumption

Theorem let a V I IR where

fans
and let

f ntiv A

f f a analytic in a then an satish CR in n

Conversely assume that u u c all sating the CR

then f utiv is analytic in d

Proof Necessity lof analy I already proven

Define
this is Re fathtik f z

Y b kl mFk uxT hux xx Kuy x y
this expression goes to 0
at 0 141121

u x th yth u x ytk huxly

It TET Kayin

By the MVT 7h min 4,05 max 4,03

7k min k03 max 1,031 Sit

YChihl h ux x the ytk hux xml

kUy x y kit kUx M

utilie hi
Wehave used ftp.go ih 0



So we have proven

alxth ytk ulxixtuxcxiyhtujfffk.tt h k
and similarly

Ixth ytld vaytvxkidbty.gg
t 4 hills

with

Gino nthe
o and een.tt to

ftp.of thtittn
fh

uxcntivattLefech
where we have used

Uxh Kk ti r h Mxk htik tax tire e

Ex f et et utiv
where

a etMY
ex siny

Exercise Chek that the CR holds In addition

u VEC IR f entire

let f utiv be analytic and one u v e c n

Mm
axx Vy x vly 1 Uyly Uxy

Mxx tuyy 0

i u is harmonise



Similarly exercise v is harmonic

or are lectures

f ntiv Wed Jan21

if v in

V is harmonic

Sr f is harmoni

We have a connection

elliptic PDEs in 2D theory of analytic function

Def if u v harmonist in R open and if fintiv

is analytic in it then is enjugate harmoni to a

Note If V Cmj hormoni tin then u is

Cayugate harmonic to V f utiv if v in

Given a harmonic in does there exist a enjugate

harmonic for

Important counter example

add
as by city's by Ixtist

Recall bytebytetiargeThis is a harmonic function

if by exists
If the conjugate harmonic lists it
must be of the four

arg xtiy



If utiv and utive are analysis then

i V1 v2 is analysis Denote Vi ve then

it is analytic

By the CR equation

U court We have proven

Drop if r v are engagate homonic to some n

then v v2 is instant

This if u bykity't has a home conjugate it

must be of the form arg xtiy Why consider dots

therefore u does not have a homonic ing M C 03

Reason Cannot define arg ktiyl a cat fundin

Def Notatin Dv to B to dish around to w radiero

Dr Driol D ID
We always assume v70

Theorem let D D Gol where 870 to 4

let a be harmon in it then 7 harmoni conjugate to u

Exercise If A is not simply connected s.c thecomplement
has at least

then this is not the
one bold

empment



Exercise Consider extending the following proof to imply can domain

Proof Plan Suppose that verb We'll get a formula

which we'll then check it work

WLOS I Dr Sime Vy Ux we here

1 1 7 Mx x t It V 10

To determine v xol we differentiate in

Vx uxx xthat Vx x
CR

well Suxywith It rx yo

why My110 t Vx1107

Therefore

Vx x 0 My x 0

v40 my14,07 10,01

Set 10,01 0 V D determined up to a intent

x ux m t at exito at

7
10,01 1101

Not that both integrals on well defied since d ID
Chill the CR equation



1 Vx Ixy7 MxxMyth My4,07
Myyathat My 1 01

My xy My Uxo
My

2 Vy Ux

Another application of the CR

M
a F custently other

d f

b f maps to a line flu is a subset of a line
e f maps to a circle f d 11 of a circle

in a 1then f is wheat

ptp r
b e exercise

Differentiatein

Proof Asain f 0 Sive F ax tix we get

Mx 0 VxO in U By the CReg's
Mx o Uy 0 U cast



Analybi Functions as Mapping

We'll prove that analytic f preserves angles at all

points to where f 701 0

lecture5
A path in red is a continuous for Fri Jan13,26

g Eib I where ocacb o If j 1pm

wish for every te a b and y is int

we call a a Euthoothpah A path p
is piece for piecewise smooth if
partition a to Ct c ty b sit

g is C m each t 1 t for j l n

Tf II piecewise

mʰP



let her be too mooth curves sit

r.am Rad to

I ensnared
atto

ary rilt arg g Ai t.IR 2T2

Now assume that p A g and f A a analytic Then

I for
A smooth C's and

I'll f ya j A
which is a complex chain rule Exercise contercouple when

To prove this we can follow
fnot arabbi FAI

the proof of the chain rule or the calculus

I m ri ret ro r re
s identify ratio

then Cristal

J ux ai myri wait pit
lux ri Vxpi k ri t Ux ail
Ux tire tritiri

From 11 we get Recall

arg j t avg f yal t arg y At aug17th
aug7targa

r

this says the angles am
1770

are preserved ifwe avoid argo notdip I



preserved
we avoid argot notdepress

Let Ji 02 be two curves sit 2,10 2210 Zo

II or

for
then f e 40 and r 10 n107 0 which we can always

assume then

arg j fled arg F flu argr.to aug 8210

where

ry for i always assumed opennonemptyfore

The suppose f 4 is analytic Then

f preserves angles at every point to on sit F a to

Signed
angle

From the chain rule we also get

j fall If Goll ly toll

An analytic fn multiplsis If toll with a fixed

18

F P
in the sense and sit

exists for every to en is called conformal



Ex

f
I tot

7Mt is cmformal in so

We have proven that analytic for s are conformal

at all pts where the derivative is monter

Ex FCA I is not conformal even though it

preserves the site of the angles

Later If f to 0 and f court then

f multiplies organs at that point by a positive

integer which is the multiplicity of the tear of FG 1707

Let's consider the converse

Assume that f is sit If If are cut Fec'l

and assume that it preserves angles between comes

let
y ft ftp.ctl flair

where

y at p Al ti real
I



Then by the real variable chain rule

8141 Fx
ftp.tg.tt ifcr f

Let y 107 then Rut

j feed fx 7 7 t f 17 E t.lt

fatto
jiffy fx ifyl t t fo ti fyle

Assume 2 101 to If angles are preserved then

j l flad
ary pilo

is independent of aug 2 0

this fact and I imply that

fx if fx tify

has a castent argument regardless of the doiceof zE 03

Nov we consider the situation

atbm
where abe has the same argument regardless

of the choice of m e OID

Note that atbm truces a circle of radius b

around a thus b must be zero



Applying this fact

fx tify more precisely Fx to if 701 0

this is the complex form of the C R equations

f utiv
br

lutinx ti ntivly

Ux Vy ti ux ay D

Eu
We can also go

back f mat be analytic by
a Hem fun before

C R equation fx ti f 0

We work on É
ᵗ etcN62626

Dibius plane 1PM

Looman Mench

1 CR into a
theorem

l Riemon splos UBibusplane
standard Mobiusplane



standard Mobuspa
L MHum If f is eat

Def it mapping CR hold except onacountable
setof pts then f is holomorphic

to St Eth
where a b e de 4 is called a harpotidhonstomatin

It ad be 0 this is called a Mobius transformations

ad be 0 S is intent

we'll show first or use a imputation that the inverse

of Mobius is Mibias

We can represent

an St as

note the some S can be represented

with several matrices I waltph by a nontevi

endent

Insider

sit and set i

Un
g g

did Ffa t be apart biedztla.ba bid

4 an td least disitt e bet did

C a

Exercise Make a final statement

Composition corresponds to a product

We see The verse of7m hd exists if ad beto and

theinverse I likes



Special ones

1 9 7 at tonlation

9 7ns kt rotation dilation li ti

9 f t t inversion

y
alt

inthesarsen apex
o i

If all 0 we can m

7th

at it
E Ina
2

this is a imposition of translation
inversion rotation dilation tardedis

If a o 270

eft 7

translators
inversion rotation dilation

If 1 0 ato

atty 2

translatis rotation dilots

Every Mobius is a culprits of
translators inversion rotation dilation indareride with repetition

Exercise Is it true that we can do it w o repetition FOR FUN



repel

CROSS RATIO

Mobius transformations have three complex degrees of freedom

Drop Given 2 t t do different

lines transfman s set

S z tot Sz 7,22,7 Zyt no cross nation

Zy a

Proof lexisteral crossation

5
EE
EI

titi 74,4

if none are informly

If tio 57 2
2

If 23 0 52 71
If 24 0 52 a

thing the evilene we can map different 22,23,7 N

different weNsW4 by carposing S fun the proposis

with the id of t 72,732x

Tz 7 We Ws Wx
ie

T'S



Proof uniqueness

Assum

tis

Zymo
putting them in the same side

Mm
St z 141

Orso
AND

let
st.it 4

Mimi 7th atb etd

orso 0 6 0 dto

Do a o e 0

a d b e 0

ST z ft

52 Tt ft or

Proposition If 71,72 Zs 74 distinct and T Mobius

µ It TtsTty 21,7273,71



END Denote

St it ti ts 74 1 1

maps 22mi 370 Zy o then

Stt Tt 1
Tt no

Tty to by the defin ofthe cross rotis

Tt Tt Tts Ex I 1ST Tz Sz 7,4 73,7 It

Assigned HW 1 lecture
WedJan28,26

Mm 2,127,77 t distinct then

Giants 7 ER ti te asZy belong to a circle

Recall line is also a circle it is a circle which

passes through 0 Exercise Athfus top that than

follow from Etd mops IRto
Geometric proof

a subsetof a circle

arg 7,22 ts 3 avg 5 arg

If 71,2217 its lie on a circle then this different D
O or IT 241T based

Exercise

y
p

lookup the
geometric proof

y



Better This geometi fast actually follows for the analytic proof

Proof Let

Tz 7T
be Mobius ad beto then we claim

1 If at eat D Hun

TZER 2 belongs to the line
fad 5 e t t be ad 7 bot 51 0

2 If at et to then

T.HR letE 1 l

lASSWTeR

Et EI
at a e at Cad Ie z lbs ad z t bot 51 0

If
at a 0

Weget

ad Be z Ibc ad E t bot Id D

this is either an empty set or a point or a line
It must be a line sine it is on inputs set consider T

If at are 0 then

T.EE tt E b E1o



whith we units as skip

a x ̅ E L tad ibscaa.es
Je x ̅

1 Eat
1 1

which is what we claimed

Note that we can go bak too

Let

Tt 2,742s2x 27th
Assume Tt ER means 71,21737,1 t R
Then 2 belongs to the circle for the claim
But note that 72,7s to also belong to the same circle

Tat's become te its go to real s 1,0 0

or they belong to this sore circle

Let T be as above Assume 21,71 7

belong to a circle But we know that 2,732

belong in the circle in the claim

Tremper t belongs to the circle from the daring

Going backwards in theproof of the loin Tt must be

real Then an Tt 71,7423Zy Do

Corollary A Mobius torspinotin mop circles to circles

Proof Apply the invariance of the cross nation under

a Bibies bonfanti



Question If an stiff in mop circles to circles

does it have to be Mobin

Will know howto do this later

If
7 and 7 are symmeton wir to the circle

through distinct 71,72 7 if
7 71,74 ts 7 21,227,7

As it stands now the defin depends on the drive

of7172,7 we'll show that this is the case

To prove that t te t determine a circle use the picture

it
a 72

the center interaction of twobies

Note that the operation
is symmetry

We needto check that the defly
does not depend

on the driveof 21,22
The perf is by mapping the circle to the live



then 21,747 EIR even first and the gminety mean

IEEE

EEE
it x ̅

No dependent on tatz
lecture8
Fri Jan30,26

If we insider the circle IR 0103 then the defin

implies 7

Note the following If Z and 7 are symmntrilw.ir

In a circle C eat T is Mobius then

Tt and Tt are symmetric w.v.ir the circle TC

this is by

TtTti Traitz 2,2422,3



Using that translation and multiplication

or translations dilation and rotation we get

l

How about the symmetry w r to a circle C

By reduction we only need it ensider DID

and Z d f 0,11

D

the i i

then the in in

11m 703

and map

i t.rs

me in

Iii
Inverse

S t no i check 7 I i

I corresponds to



8

it

t.ie
We need to map IIa back

at s f i II
i a i

i it n it
at

a

Using a rotation

I

invent

By translation rotation

1
F 7 17 on thesame ray

through the center

z 121 p

2 ta



Check Ahlton an 011

in

loyt et Ztt
It

th hi
I

am
i

theygo to shought his

t.it
it

t
i

goes to07

in

flima



COMPLEX INTEGRATION

Assume that g a b mm in piecewise smooth

Then for f A we depri

I flat at happy

the right side should be divided into parts where r is smooth

We have invarianie under a change of parameter on

the smooth parts of
consider

Alt
where

µ a b a b

is piecewise smooth and y is
smooth

then we have

the f A

A N r tall

I f ya j At dt

Use the substitution t 841 Let ff y

Mn
I f g t 511 g t 01 t s Is

Sab f ly t 511 g s d



J flat d7

Using reperemetrization we can prove that

I feldt f f t dz
where f is y a b is deprid as

We should curiots all paths to be y TO1 4

The paths defied fr different aib but having the

path are ensidered the same

Lecture9
Assigned HN 2

Mon Feb
Aln if

r rit ret n to

Means

iii _is
arming 8m ends where fun starts then

It tra
f d fat n

tf fda



Define integrals air to x ̅

f z di f f t dz
then we can also define

If dx Sf dat If dz
r r

f f dy da f f di
Conway defines f f dt for cans of bold variation

Reg 1mg bad variation Sock caves are called affable

Def p a b I piecewise smooth Then

I f f ldH I fltail
A Idt

is called the are length inegral

Closely related integrals 1 f di di dx dy

canbe complex valued
2 Fds one length

than it ple be cent in rm.ms
Then

pdx t Edy

depends only on the endpoints of y iff

com coined it



p

18 2
I may be disconnected too the thethem on ever emn Cup

Prof E Assume holds for some w̅ as in the statement

and let HI YAI be a parametrization of j
on a b Then

pdx dy xD dx x dy

melt a at 8 as at

ft Al yall all

bl ybll U a y al

Assume polytedyl depends only on the endpoints

Fix xo yo in and define

kid pdx tedy

where 2 start at xoxo and ends at x y

Consider the polygonal com with segments parald to

the axes and ending with mama
horizontal segment

Need I open conni1i



Denote the lost segment by x x x

xp.it

Vix y x x p t dt

0
paid

Analogously I as a polygonal care which ends vertically

8 sexy
no

Def let An EC We call

pdx te dy

pig valued is on east differential of
E C a st10

p Eye

Now let f x be cut and complex valued

and assume that FG dt is on elect differential

Recall

f z dz f 7 dxt i f t dy

then F e c A C sit

If flt

Ex if G
of



I

Ez 0 ie JF o
Observe that

i 85 the complex form of the C R equation

Check again Write F tilt where E V IRvalued

Fx Extitx
Fy y t it i Fy Fy it

therefore

fFx
if Tx

F analytic

Recall F Fx f mxtirx fx

Note f needs to be analytic

We have thus proven
1 If f has a

II let fe cut were yopengE.sne1ffftf
independent ofthe

pen Fdz depends only on endpoints iff topology of f
2 If f is analytic

F analytic on ns.t
then If ft tear

F 7 f z Wed Feb3,26

This sap faldt bact in N f has on analyte primitive

Corollary let nENo then 7 a 17 0 fate
and every closed come g in

Proof t a z a
t E



Proposition let C be a positively oriented circle

around a w radius S this

qq.gg
ti

mm

proof 41 the 2 at geit for A cTO IT

Then 211

1 It ftp
t 2Ti

Eam f mt z art analysis in D a 1403

2 doesnot contain a
11dg

814 tf Taib

lt R e wher acb tE If

f p analytic in R then

fzldz o
a

Recall f analylit an R 7Men 2R and f is analysis in 1

We assume the positive
orientation



Proof For any redangle R denote

y RK Flt d7

Divide R into four congruent recharges

f
and select R sit

InCR ly r

and continue by induction obtening

R 2 R Rz

Rit is me of the quarters of R

in rail 41g Ril
the redangles every to a point

We use the differentiability of f at

let e7O then 78 0 sit

It ed If f taste

which D

iz 2 1 s I fG fG F 7 7 7 E 17 21

choose no EIN sit Rn Dg t for n Do

Then

gira I find But

flt fCz flat z z do

1511 1



115ft 101,8pA

ly Ral Idral sup FG fG 1 f at 7 7 1
OR IT

elodnlyayplz tlgeldr.lt
lengthofdiag permits

therefore for n no

I R 4 1g Ra 4 E 10km e IORI

ly R
ORP

Sending 0 gives y R 0 Ea

We now prove a stronger them

Thin R Taib e d rectangle ti ti a R

Assume that t is analytic on

R RI xp in

I a removable singularly entito
and arms

41 7 7 f t 0

EG f analytic in R tin Z
ad boldon R sufficiatandthen

FLAd7 0

Wo the thin is not true I idea III

Prog whos not I subdivide it 11717



let eto be arbitrary then 7870 sit

17 7,1 d 171771 E 1 41

Winterset
is
177

Wᵈ

Then

1 felt
a i

at II

21
17 til I drol

const e

Now Use

felt Fdz

To prove this subdivide R as in the picture

R
cancellation

If fdt I felt rust e

Seed a 0

p.it



Theorem Assume that f t analytic in ID

foul p is a closed piecewise smooth curve in ID the

Field7 0

f
later will leave this for simply connected domains

Proof will use the themes f has a primitive

Consider

Fat ftp.fdt
is

where 5 is the line segment fun 0 to Rez
and T 11 l Ret N z

Mm

PG flt dx if fCeldy

E if we me ftp.rypfdz
Note that

FAT Fylde
by the

cauchytmfrtpeiiget.se

where is rx are as in the picture then

f

i
Ex i

F is analytic F 7 f



A generalization

flat

owls I 1 t.it z
WITH

him t t Flt 0 5 1 in

the
fleldt D

for any closed piecewise smooth curve r in 1

trick change two segments to three segments

III Fix toed For tf D ty y tab choose a path

Titrett as in the picture we require

71 7nH 5,3090 U 03

a 10
to

i

DRM
pay

up
f dt

Note that the definition does not depend on the choice of
5115215Cthe them on rectangles



mm
d f

Choosing 54,55 To as in the picture making sure that

71 7n 830185501805 we have

FCA ftp.fdt
the different in

tyy.fi
pmibleis

E if
possible sing

therefore f has a primitive in ID 7 123

INDEX WINDING NUMBIR

To define the index of a curve around or point

we need

Lemma Lit at and let p be a piecewisesmooth

Closed pater not passing through a a p3
then

2

Recall p is oriented



Yet

For a 4 p 83 image of y Tab e

depi

atrial f Ea
and call it index or a windeumber

Motivation

If log exists on some path we her

Ii by a a 1

cat ttodepiote.eu

ti

It by if arg a arga

where t g al 22 8 b

As te 2 the cave is dry
the first part approaches 0 out and approvesthe index

Exercise Computs the index of a circle around poison

inside and outside of the circle
index index 0

a



Lecture12
Mon Feb8

a O for simplicity

Consider a true 8 0,1 G 03 and a for

F TOD IR 252

sit FAI is the argument of pct

Drop There with a unique up to
a content in LITE

Intimors
for

Q TO l IR

S.t
G E EA HE Oil

Says We can assign a continuous argument

on the cave g It is unique up to a multiple

of 21T

Proof exercise Idea We define 0 by intervals

where we can define the argument uniquely



Em
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